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A TRANSFERENCE RESULT OF THE Lp CONTINUITY
OF THE JACOBI RIESZ TRANSFORM TO THE
GAUSSIAN AND LAGUERRE RIESZ TRANSFORMS.
EDUARD NAVAS AND WILFREDO O. URBINA
Abstract. In this paper using the well known asymptotic relations
between Jacobi polynomials and Hermite and Laguerre polynomials.
we develop a transference method to obtain the Lp-continuity of the
Gaussian-Riesz transform and the Lp-continuity of the Laguerre-Riesz
transform from the Lp-continuity of the Jacobi-Riesz transform, in di-
mension one.
Dedicated to professor Calixto P. Caldero´n with deep admiration.
1. Preliminaries
In the theory of classical orthogonal polynomials, it is well know the asymp-
totic relations between Jacobi polynomials and Hermite and Laguerre poly-
nomials. Base in those asymptotic relations we develop a transference
method to obtain Lp-continuity for the Gaussian-Riesz transform and the
Lp-continuity of the Laguerre-Riesz transform from the Lp-continuity of the
Jacobi-Riesz transform, in dimension one.
For all the classical polynomials we are going to use the normalizations given
in G. Sego¨’s book [22].
• Jacobi polynomials: For α, β > −1, the Jacobi polynomials {P (α,β)n }n∈N
are defined as the orthogonal polynomials associated with the Jacobi
measure µα,β (or beta measure) in (−1, 1), defined as
µα,β(dx) = ωα,β(x)dx = χ(−1,1)(x)
(1− x)α(1 + x)β
2α+β+1B(α+ 1, β + 1)
dx(1.1)
= ηα,βχ(−1,1)(x)(1 − x)α(1 + x)βdx,
where ηα,β =
1
2α+β+1B(α+1,β+1)
= Γ(α+β+2)
2α+β+1Γ(α+1)Γ(β+1)
.
The function ωα,β is called the (normalized) Jacobi weight.
The Jacobi polynomials can be obtained from the canonical basis
of the polynomials {1, x, x2, · · · , xn, · · · } using the Gram-Schmidt or-
thogonalization process with respect to the inner product in L2(µα,β).
Thus we have the orthogonality property of Jacobi polynomials with
respect to µα,β,
(1.2)
∫ ∞
−∞
P (α,β)n (y)P
(α,β)
m (y)µα,β(dy) = ηα,βh
(α,β)
n δn,m = hˆn
(α,β)
δn,m,
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n,m = 0, 1, 2, · · · , where
(1.3) h(α,β)n =
2α+β+1
(2n+ α+ β + 1)
Γ (n+ α+ 1) Γ (n+ β + 1)
Γ (n+ 1) Γ (n+ α+ β + 1)
,
and
hˆn
(α,β)
=
1
(2n + α+ β + 1)
Γ(α+ β + 2)Γ (n+ α+ 1) Γ (n+ β + 1)
Γ(α+ 1)Γ(β + 1)Γ (n+ 1) Γ (n+ α+ β + 1)
= ‖P (α,β)n ‖22,(α,β).
Moreover,∥∥∥P (α+1,β+1)n−1 ∥∥∥2
2,(α+1,β+1)
=
1
(2n+ α+ β + 1)
Γ(α+ β + 4)Γ (n+ α+ 1) Γ (n+ β + 1)
Γ(α+ 2)Γ(β + 2)Γ (n) Γ (n+ α+ β + 2)
=
(α+ β + 3)(α + β + 2)n
(α+ 1)(β + 1) (n+ α+ β + 1)
× Γ(α+ β + 2)Γ (n+ α+ 1) Γ (n+ β + 1)
(2n+ α+ β + 1)Γ(α+ 1)Γ(β + 1)Γ (n+ 1) Γ (n+ α+ β + 1)
(1.4)
=
(α+ β + 3)(α + β + 2)n
(α+ 1)(β + 1) (n+ α+ β + 1)
∥∥∥P (α,β)n ∥∥∥2
2,(α,β)
.
Now using the generalized Rodrigues’ formula, Szego¨ [22],(4.10.1),
for m = 1, we get
(1.5)
d
dx
{
(1− x)α+1(1 + x)β+1P (α+1,β+1)n−1 (x)
}
= −2n(1−x)α(1+x)βP (α,β)n (x) .
On the other hand, the Jacobi polynomial P
(α,β)
n is a polynomial
solution of the Jacobi differential equation, with parameters α, β, n,
(1.6)
(
1− x2) y′′ + [β − α− (α+ β + 2) x] y′ + n (n+ α+ β + 1) y = 0,
i. e. P
(α,β)
n is an eigenfunction of the (one-dimensional) second order
diffusion operator
(1.7) Lα,β = (1− x2) d
2
dx2
+ (β − α− (α+ β + 2)x) d
dx
,
associated with the eigenvalue −λα+βn = n(n + α + β + 1). Lα,β is
called the Jacobi differential operator .
The operator semigroup associated to the Jacobi polynomials is
defined for positive or bounded measurable Borel functions of (−1, 1),
as
(1.8) Tα,βt f(x) =
∫ 1
−1
pα,β(t, x, y)f(y)µα,β(dy),
where
pα,β(t, x, y) =
∑
k
e−k(k+α+β+1)t
hˆk
(α,β)
P
(α,β)
k (x)P
(α,β)
k (y).
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The explicit representation of pα,β(t, x, y) is very complicated since
the eigenvalues λn are not linearly distributed and was obtained by
G. Gasper [5]. It is an analog of Bailey’s F4 representation for what
is usually called the Jacobi-Poisson integral, see [2]. Considering the
case From that form, taking x = −y = 1, it can be proved that
pα,β(t, x, y) is a positive kernel for any x ∈ (−1, 1).
{Tα,βt } is called the Jacobi semigroup and can be proved that is a
Markov semigroup, for details see [24].
The Jacobi-Poisson semigroup {Pα,βt } can be defined, using Bochner’s
subordination formula,
e−λ
1/2t =
1√
pi
∫ ∞
0
e−u√
u
e−
λt2
4u du.
as the subordinated semigroup of the Jacobi semigroup,
Pα,βt f(x) =
1√
pi
∫ ∞
0
e−u√
u
Tα,β
t2/4u
f(x)du.
For a function f ∈ L2 ([−1, 1] , µ(α,β)) let us consider its Fourier-
Jacobi expansion
(1.9) f =
∞∑
k=0
〈f, P (α,β)k 〉
hˆk
(α,β)
P
(α,β)
k ,
where
〈f, P (α,β)k 〉 =
∫ 1
−1
f(y)P
(α,β)
k (y)µα,β(dy).
Then, the action of Tt and Pt can be expressed as
Tα,βt f =
∞∑
k=0
〈f, P (α,β)k 〉
hˆk
(α,β)
e−λktP (α,β)k ,
and
Pα,βt f =
∞∑
k=0
〈f, P (α,β)k 〉
hˆk
(α,β)
e−
√
λktP
(α,β)
k .
Following the classical case, see [16], the Jacobi-Riesz transform can
be define formally as
(1.10) Rα,β =
√
1− x2 d
dx
(Lα,β)−1/2,
where (Lα,β)−ν/2 is the Jacobi-Riesz potential of order ν/2. (Lα,β)−ν/2
can be represented as
(Lα,β)−ν/2f = 1
Γ(ν)
∫ ∞
0
tν−1P (α,β)t fdt,
and then for f ∈ L2 ([−1, 1] , µ(α,β)) , (Lα,β)−ν/2f has Jacobi expan-
sion
(1.11) (Lα,β)−ν/2f(x) =
∞∑
k=0
〈f, P (α,β)k 〉
hˆk
(α,β)
λ
−ν/2
k P
(α,β)
k (x).
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Now, since
d
dx
{
P
(α,β)
k (x)
}
=
(k + α+ β + 1)
2
P
(α+1,β+1)
k−1 (x) ,
see Szego¨ [22],(4.21.7), and using (1.11) we get that the Jacobi-Riesz
transform for f ∈ L2 ([−1, 1] , µ(α,β)) has Jacobi expansion
(1.12)
Rα,βf(x) =
∞∑
k=1
〈f, P (α,β)k 〉
hˆk
(α,β)
λ
−1/2
k
(k + α+ β + 1)
2
√
1− x2P (α+1,β+1)k−1 (x),
where λk = k(k + α+ β + 1).
In particular, the Gegenbauer polynomials {Cλn}, λ > −1/2 are
defined as
Cλn(x) =
Γ(λ+ 1/2)Γ(n + 2λ)
Γ(2λ)Γ(n + λ+ 1/2)
P (λ−1/2,λ−1/2)n (x).(1.13)
Gegenbauer polynomials are orthogonal with respect to the Gegen-
bauer measure, µλ in (−1, 1), defined as,
µλ(dx) = ωλ(x)dx = χ(−1,1)(x)
Γ(2λ+ 1)
22λ [Γ(λ+ 1/2)]2
(1− x)λ−1/2(1 + x)λ−1/2dx
= χ(−1,1)(x)
λ22λ [Γ(λ)]2
2piΓ(2λ)
(1− x2)λ−1/2dx,(1.14)
by Legendre’s duplication formula, see [1] page 22.
Taking α = β = λ− 1/2 in (1.4), then from (1.13) we have,
‖Cλn‖22,λ =
[Γ(λ+ 1/2)]2 [Γ(n+ 2λ)]2
[Γ(2λ)]2 [Γ(n+ λ+ 1/2)]2
Γ(2λ+ 1) [Γ(n+ λ+ 1/2)]2
(2n+ 2λ) [Γ(λ+ 1/2)]2 Γ(n+ 1)Γ(n + 2λ)
=
Γ(2λ+ 1)Γ(n + 2λ)
[Γ(2λ)]2 2(n+ λ)n!
=
λΓ(n+ 2λ)
Γ(2λ)(n + λ)n!
.
(1.15)
Taking α = β = λ− 1/2, in (1.5), we get
d
dx
{
(1− x2)λ+1/2Cλ+1n−1 (x)
}
= −2nΓ(λ+ 3/2)Γ(n + 2λ+ 1)
Γ(2λ+ 2)Γ(n + λ+ 1/2)
Γ(2λ)Γ(n + λ+ 1/2)
Γ(λ+ 1/2)Γ(n + 2λ)
(1− x2)λ−1/2Cλn (x)
= −n(2λ+ 1)(n + 2λ)
(2λ+ 1)(2λ)
(1− x2)λ−1/2Cλn (x) = −n
(n+ 2λ)
2λ
(1− x2)λ−1/2Cλn (x) .
(1.16)
Now, for f ∈ L2 ([−1, 1] , µλ), from (1.12) we get that itsGegenbauer-
Riesz transform will have the expansion
(1.17) Rλf(x) =
1
2
∞∑
k=1
〈f,Cλk 〉d(λ)k (
k + 2λ
k
)1/2
√
1− x2Cλ+1k−1 (x),
where d
(λ)
k =
4Γ(2λ)(k+λ)Γ(k+1)
Γ(k+2λ+1) .
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The Lp-continuity of the Riesz-Jacobi transform Rα,β, was proved
by Zh. Li [8] and L. Caffarelli [4] in the case d = 1. In the case d ≥ 1
Rα,βi , i =, · · · , d, are defined analogously, using partial differentia-
tion in (1.10), and their Lp-continuity was proved by A. Nowak and
P. Sjogren, [15] Theorem 5.1.
Theorem 1.1. Assume that 1 < p < ∞ and α, β ∈ [−1/2,∞)d.
There exists a constant cp such that
(1.18) ‖Rα,βi f‖p,(α,β) ≤ cp‖f‖p,(α,β).
for all i = 1, · · · , d.
For the particular case of the Gegenbauer polynomials this result
was obtained in the one dimensional case by B. Muckenhoupt and
E. Stein in their seminal paper of 1965, [13].
• Hermite polynomials: The Hermite polynomials {Hn}n, are defined
as the orthogonal polynomials associated with the Gaussian measure
in R, γ(dx) = e
−x2√
pi
dx, i.e.
(1.19)
∫ ∞
−∞
Hn(y)Hm(y) γ(dy) = 2
nn!δn,m,
n,m = 0, 1, 2, · · · , with the normalization
(1.20) H2n+1(0) = 0, H2n(0) = (−1)n (2n)!
n!
.
We have
H
′
n(x) = 2nHn−1(x),(1.21)
H
′′
n(x) − 2xH
′
n(x) + 2nHn(x) = 0,(1.22)
thusHn is an eigenfunction of the one dimensionalOrnstein-Uhlenbeck
operator or harmonic oscillator operator,
(1.23) L =
1
2
d2
dx2
− x d
dx
,
associated with the eigenvalue λn = −n.
The Gaussian-Riesz transform can be defined formally, see [16],
as
(1.24) Rγ =
d
dx
(−L)−1/2.
Therefore, for f ∈ L2 (R, γ) with Hermite expansion
f =
∞∑
k=1
〈f,Hk〉
2kk!
Hk,
its Gaussian-Riesz transform has Hermite expansion
Rγf(x) =
∞∑
k=1
〈f,Hk〉
2kk!
√
2kHk−1(x).(1.25)
The Lp continuity of the of the Gaussian-Riesz transform was proved
by B. Muckenhoupt [11] in 1969, in the case d = 1. In the case d ≥ 1
Rγi , i =, · · · , d, are defined analogously, using partial differentiation
in (1.24), and their Lp continuity has been proved by very different
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ways, using analytic and probabilistic tools, by P. A. Meyer [10], R.
Gundy [6], S. Pe´rez and F. Soria [17], G. Pissier [18], C. Gutie´rrez
[7] and W. Urbina [23].
Theorem 1.2. Assume that 1 < p <∞. There exists a constant cp
such that
(1.26) ‖Rγi f‖p,γ ≤ cp‖f‖p,γ.
for all i = 1, · · · , d.
• Laguerre polynomials: For α > −1, the Laguerre polynomials {Lαk}
are defined as the orthogonal polynomials associated with the Gamma
measure on (0,∞), µα(dx) = χ(0,∞)(x) x
αe−x
Γ(α+1)dx, i.e.
(1.27)
∫ ∞
0
Lαn(y)L
α
m(y)µα(dy) =
(
n+ α
n
)
δn,m =
Γ(n+ α+ 1)
Γ(α+ 1)n!
δn,m,
n,m = 0, 1, 2, · · · We have
(1.28) (Lαk (x))
′ = −Lα+1k−1(x).
(1.29) x(Lαk (x))
′′ + (α+ 1− x)(Lαk (x))′ + kLαk (x) = 0.
thus Lαk is an eigenfunction of the (one-dimensional) Laguerre dif-
ferential operator
Lα = x d
2
dx2
+ (α+ 1− x) d
dx
,
associated with the eigenvalue λk = −k
The Laguerre-Riesz transform can be defined formally, see [16], as
(1.30) Rα =
√
x
d
dx
(Lα)−1/2.
Therefore for f ∈ L2 ((0,∞), µα) with Laguerre expansion
f =
∞∑
k=0
Γ(α+ 1)k!
Γ(k + α+ 1)
〈f, Lαk 〉Lαk
its Laguerre-Riesz transform has Laguerre expansion
Rαf(x) = −
∞∑
k=1
Γ(α+ 1)k!
Γ(k + α+ 1)
(
√
k)−1
√
x〈f, Lαk 〉Lα+1k−1 (x).(1.31)
The Lp continuity of the Laguerre-Riesz transform was proved
by B. Muckenhoupt [12], for the case d = 1. In the case d ≥ 1
Rαi , i =, · · · , d, are defined analogously, using partial differentiation
in (1.30), and their Lp continuity was proved by A. Nowak [14] using
Littlewood-Paley theory.
Theorem 1.3. Assume that 1 < p <∞ and α ∈ [−1/2,∞)d. There
exists a constant cp such that
(1.32) ‖Rαi f‖p,α ≤ cp‖f‖p,α.
for all i = 1, · · · , d,.
• Finally, the asymptotic relations between Jacobi polynomials and
other classical orthogonal polynomials (see [22], (5.3.4) and (5.6.3))
are the following
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i) With Hermite polynomials,
(1.33) lim
λ→∞
λ−n/2Cλn(x/
√
λ) =
Hn(x)
n!
,
ii) With Laguerre polynomials,
(1.34) lim
β→∞
P (α,β)n (1− 2x/β) = Lαn(x).
Both relations holds uniformly in every closed interval of R.
We want to thank Professor Luis A. Caffarelli to share with us the idea that
such transferences between the Jacobi case and the Hermite and Laguerre
cases should be possible.
2. Main Results
We we want to obtain the Lp-continuity for the Gaussian-Riesz transform
and for the Lp-continuity of the Laguerre-Riesz transform from the Lp-
continuity of the Jacobi-Riesz transform, using a transference method based
on the asymptotic relations between Jacobi polynomials and Hermite and
Laguerre polynomials.
We will start considering the case p = 2; more precisely we want to prove
Theorem 2.1. The L2(µα,β) boundedness for the Jacobi-Riesz transform
(2.1) ‖Rα,βf‖2,(α,β) ≤ C2‖f‖2,(α,β)
implies
i) the L2(γ) boundedness for the Gaussian-Riesz transform
(2.2) ‖Rγf‖2,γ ≤ C2‖f‖2,γ .
and
ii) the L2(µα) boundedness for the Laguerre-Riesz transform
(2.3) ‖Rαf‖2,α ≤ C2‖f‖2,α.
For the proof of this we will need the following technical result,
Proposition 2.1. (norm relations)
i) Let f ∈ L2(R, γ) and define fλ(x) = f(
√
λx)1[−1,1](x), then fλ ∈
L2([−1, 1], µλ) and
(2.4) lim
λ→∞
‖fλ‖2,λ = ‖f‖2,γ
ii) Let f ∈ L2(R, µα) and define fβ(x) = f
(
β
2 (1− x)
)
1[−1,1](x), then
fβ ∈ L2([−1, 1], µ(α,β)) and
(2.5) lim
β→∞
‖fβ‖2,(α,β) = ‖f‖2,α
Proof
i) First let us prove that fλ ∈ L2([−1, 1], µλ). For x ∈ [−1, 1],
(2.6) (1− x2)λ−1/2 ≤ e−λx2ex
2
2 ≤ e−λx2e 12 .
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Then,
Γ(2λ+ 1)
22λ [Γ (λ+ 1/2)]2
∫ 1
−1
(1− x2)λ−1/2|fλ(x)|2dx
≤ e 12 Γ(2λ+ 1)
22λ [Γ (λ+ 1/2)]2
∫ 1
−1
|f(
√
λx)|2e−λx2dx.
Now, making the change of variable u =
√
λx, we have
e
1
2
Γ(2λ+ 1)
22λ [Γ (λ+ 1/2)]2
∫ 1
−1
|f(
√
λx)|2e−λx2dx
= e
1
2
Γ(2λ+ 1)√
λ22λ [Γ (λ+ 1/2)]2
∫ ∞
−∞
|f(u)|21[−√λ,√λ]e−u
2
du
≤ e 12 Γ(2λ+ 1)√
λ22λ [Γ (λ+ 1/2)]2
∫ ∞
−∞
|f(u)|2e−u2du
= e
1
2
Γ(2λ+ 1)
√
pi√
λ22λ [Γ (λ+ 1/2)]2
‖f‖22,γ <∞,
as f ∈ L2(R, γ). Therefore fλ ∈ L2([−1, 1], µλ).
On the other hand, using Legendre’s duplication formula,
‖fλ‖22,λ =
Γ(2λ+ 1)
22λ [Γ (λ+ 1/2)]2
∫ 1
−1
(1− x2)λ−1/2|fλ(x)|2dx
=
λ [Γ(λ)]2 22λ
2piΓ (2λ)
∫ 1
−1
(1− x2)λ−1/2|fλ(x)|2dx.
Making the change of variable x = y√
λ
, we get
‖fλ‖22,λ =
λ [Γ(λ)]2 22λ
2piΓ (2λ)
∫ √λ
−
√
λ
|fλ( y√
λ
)|2(1− y
2
λ
)λ−1/2
dy√
λ
.
Now, observe that
lim
λ→∞
fλ(
y√
λ
) = lim
λ→∞
f(y)1[−
√
λ,
√
λ](y) = f(y),
Set, for all y ∈ R
g(y, λ) = 1[−
√
λ,
√
λ](y)
(
fλ(
y√
λ
)
)2
(1− y
2
λ
)λ−1/2,
then clearly
lim
λ→∞
g(y, λ) = (f(y))2e−y
2
,
thus by (2.6) we get
|g(y, λ)| = 1[−√λ,√λ](y)
(
fλ(
y√
λ
)
)2
(1− y
2
λ
)λ−1/2
≤ e 12
(
fλ(
y√
λ
)
)2
e−y
2
= e
1
2 (f(y))2 e−y
2
1[−
√
λ,
√
λ](y) < e
1
2 (f(y))2 e−y
2
.
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Then, for f ∈ L2(R, γ), by the dominated convergence theorem, we have
lim
λ→∞
∫ ∞
−∞
|fλ( y√
λ
)|21[−√λ,√λ](y)(1−
y2
λ
)λ−1/2dy =
∫ ∞
−∞
lim
λ→∞
g(y, λ)dy
=
∫ ∞
−∞
(f(y))2e−y
2
dy.
On the other hand, using the identity
lim
z→∞
zb−a
Γ(z + a)
Γ(z + b)
= 1
and Legendre’s duplication formula, we get,
lim
λ→∞
λ [Γ(λ)]2 22λ
λ1/22piΓ (2λ)
= lim
λ→∞
λ [Γ(λ)]2 22λ
2pi(2pi)−1/222λ−1/2Γ (λ) Γ
(
λ+ 12
)
λ1/2
= lim
λ→∞
λΓ(λ)
λ1/2
√
piΓ
(
λ+ 12
) = lim
λ→∞
λ−1/2Γ(λ+ 1)√
piΓ
(
λ+ 12
) = 1√
pi
.
Then,
lim
λ→∞
‖fλ‖22,λ = lim
λ→∞
λ [Γ(λ)]2 22λ
2piΓ (2λ)
∫ √λ
−
√
λ
|fλ( y√
λ
)|2(1− y
2
λ
)λ−1/2
dy√
λ
=
1√
pi
∫ ∞
−∞
|f(y)|2e−y2dy = ‖f‖22,γ .
ii) For the Laguerre case we have,
1
2α+β+1B(α+ 1, β + 1)
∫ 1
−1
(1− x)α(1 + x)β|fβ(x)|2dx
=
Γ(α+ β + 2)
2α+β+1Γ(α+ 1)Γ(β + 1)
∫ 1
−1
(1− x)α(1 + x)β|fβ(x)|2dx,
and using the change of variable x = 1− 2yβ ,
Γ(α+ β + 2)
2α+β+1Γ(α+ 1)Γ(β + 1)
2
β
∫ β
0
(
2y
β
)α(
2− 2y
β
)β
|fβ(1− 2y
β
)|2dy
=
Γ(α+ β + 2)
Γ(α+ 1)Γ(β + 1)βα+1
∫ β
0
yα
(
1− y
β
)β
|f(y)|2dy.
Then
Γ(α+ β + 2)
Γ(α+ 1)Γ(β + 1)βα+1
∫ β
0
yα
(
1− y
β
)β
|f(y)|2dy
≤ Γ(α+ β + 2)
Γ(α+ 1)Γ(β + 1)βα+1
∫ ∞
0
yαe−y|f(y)|2dy
=
Γ(α+ β + 2)
Γ(β + 1)βα+1
‖f‖22,α <∞,
as f ∈ L2(R, µα), and therefore fβ ∈ L2([−1, 1], µ(α,β)).
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On the other hand, making the change of variable x = 1− 2yβ
‖fβ‖22,(α,β) =
Γ(α+ β + 2)
2α+β+1Γ(α+ 1)Γ(β + 1)
2
β
∫ β
0
(
2y
β
)α(
2− 2y
β
)β
|fβ(1− 2y
β
)|2dy
=
Γ(β + (α+ 2))
βα+2Γ(α+ 1)Γ(β)
∫ ∞
0
yα
(
1− y
β
)β
|fβ(1− 2y
β
)|21[0,β](y)dy.
Now, for β big enough,
(2.7)
Γ(β + (α+ 2))
Γ(β)
≃ βα+2,
and therefore
‖fβ‖22,(α,β) ≃
1
Γ(α+ 1)
∫ ∞
0
yα
(
1− y
β
)β
|fβ(1− 2y
β
)|21[0,β](y)dy,
for β big enough. Observe that,
lim
β→∞
fβ(1− 2y
β
) = lim
β→∞
f(y)1[0,β](y) = f(y),
so let
s(y, β) = yα
(
1− y
β
)β
|fβ(1− 2y
β
)|21[0,β](y),
then
lim
β→∞
s(y, β) = yαe−y|f(y)|2,
but as
|s(y, β)| ≤ yαe−y|fβ(1− 2y
β
)|21[0,β](y) ≤ yαe−y|f(y)|2,
then, by the dominated convergent theorem, we get
lim
β→∞
∫ ∞
0
yα
(
1− y
β
)β
|fβ(1− 2y
β
)|21[0,β](y)dy = lim
β→∞
∫ ∞
0
s(y, β)dy
=
∫ ∞
0
yαe−y|f(y)|2dy.
Then
lim
β→∞
‖fβ‖22,(α,β) =
1
Γ(α+ 1)
∫ ∞
0
yαe−y|f(y)|2dy = ‖f‖22,α .
The next result is analogous to the previous one but refer to the inner
product and it will be crucial in the proof of Theorem 2.1.
Proposition 2.2. (inner product relations) With the same notation as in
Lemma 2.1,
i) Let f ∈ L2(R, γ), then
(2.8) lim
λ→∞
〈fλ, λ−k/2Cλk 〉 = 〈f,
Hk
k!
〉
ii) Let f ∈ L2(R, µα), then
(2.9) lim
β→∞
〈fβ, P (α,β)k 〉 = 〈f, Lαk 〉
Proof
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i) Let us prove first that
(2.10) lim
λ→∞
∥∥∥fλ + λ−k/2Cλk ∥∥∥2
2,λ
=
∥∥∥∥f + Hkk!
∥∥∥∥2
2,γ
.
In fact, given that,
λ1/2 [Γ(λ)]2 22λ
2piΓ (2λ)
(1− y
2
λ
)λ−1/2
(
fλ(
y√
λ
) + λ−k/2Cλk (
y√
λ
)
)2
1[−
√
λ,
√
λ] ≥ 0,
by Fatou’s lemma we get
1√
pi
∫ ∞
−∞
(
f(y) +
Hk
k!
(y)
)2
e−y
2
dy
≤ lim
λ→∞
λ1/2 [Γ(λ)]2 22λ
2piΓ (2λ)
∫ √λ
−
√
λ
(
fλ(
y√
λ
) + λ−k/2Cλk (
y√
λ
)
)2
(1− y
2
λ
)λ−1/2dy,
thus ∥∥∥∥f + Hkk!
∥∥∥∥2
2,γ
≤ lim
λ→∞
∥∥∥fλ + λ−k/2Cλk∥∥∥2
2,λ
.
On the other hand, let
G(y, λ) =
(
λ1/2 [Γ(λ)]2 22λ
2piΓ (2λ)
)1/2(
fλ(
y√
λ
) + λ−k/2Cλk (
y√
λ
)
)
(1−y
2
λ
)−1/41[−
√
λ,
√
λ](y).
Clearly G ∈ L2(R, γ), and moreover
lim
λ→∞
G(y, λ) =
1
pi1/4
(
f(y) +
Hk
k!
(y)
)2
.
Then,∥∥∥fλ + λ−k/2Cλk ∥∥∥2
2,λ
=
∫ ∞
−∞
λ1/2 [Γ(λ)]2 22λ
2piΓ (2λ)
(
fλ(
y√
λ
) + λ−k/2Cλk (
y√
λ
)
)2
(1− y
2
λ
)λ−1/21[−
√
λ,
√
λ]dy
=
∫ ∞
−∞
(G(y, λ))2 (1− y
2
λ
)λdy ≤
∫ ∞
−∞
(G(y, λ))2 e−y
2
dy =
√
pi ‖G(·, λ)‖22,γ .
Then by the continuity of the L2 norm
lim
λ→∞
∥∥∥fλ + λ−k/2Cλk ∥∥∥2
2,λ
≤ lim
λ→∞
√
pi ‖G(·, λ)‖22,γ =
√
pi
∥∥∥∥ limλ→∞G(·, λ)
∥∥∥∥2
2,γ
=
√
pi
∥∥∥∥ 1pi1/4
(
f +
Hk
k!
)∥∥∥∥2
2,γ
=
∥∥∥∥f + Hkk!
∥∥∥∥2
2,γ
.
Therefore
lim
λ→∞
∥∥∥fλ + λ−k/2Cλk∥∥∥2
2,λ
=
∥∥∥∥f + Hkk!
∥∥∥∥2
2,γ
,
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and analogously,
lim
λ→∞
∥∥∥fλ − λ−k/2Cλk∥∥∥2
2,λ
=
∥∥∥∥f − Hkk!
∥∥∥∥2
2,γ
.
Then using the polarization formula,
lim
λ→∞
〈fλ, λ−k/2Cλk 〉 = lim
λ→∞
1
4
[∥∥∥fλ + λ−k/2Cλk ∥∥∥2
2,λ
−
∥∥∥fλ − λ−k/2Cλk∥∥∥2
2,λ
]
=
1
4
[∥∥∥∥f + Hkk!
∥∥∥∥2
2,γ
−
∥∥∥∥f − Hkk!
∥∥∥∥2
2,γ
]
= 〈f, Hk
k!
〉.
ii) Analogously as in part i), let us prove first that
(2.11) lim
β→∞
∥∥∥fβ + P (α,β)k ∥∥∥22,(α,β) = ‖f + Lαk‖22,α .
By Fatou’s lemma, we have
1
Γ(α+ 1)
∫ ∞
0
(f(y) + Lαk (y))
2 yαe−ydy,
≤ lim
β→∞
Γ(β + (α+ 2))
βα+2Γ(α+ 1)Γ(β)
∫ ∞
0
∣∣∣∣fβ(1− 2yβ ) + P (α,β)k (1 − 2yβ )
∣∣∣∣2 1[0,β](y)yα(1− yβ
)β
dy,
Then,
‖f + Lαk‖22,α ≤ lim
β→∞
∥∥∥fβ + P (α,β)k ∥∥∥2
2,(α,β)
.
On the other hand, set
S(y, β) =
(
Γ(β + (α+ 2))
βα+2Γ(α+ 1)Γ(β)
)1/2(
fβ(1− 2y
β
) + P
(α,β)
k (1−
2y
β
)
)
1[0,β](y).
It is clear that S ∈ L2(R, µα), and moreover
lim
β→∞
S(y, β) =
(
1
Γ(α+ 1)
)1/2
(f(y) + Lαk (y)) .
Now,∥∥∥fβ + P (α,β)k ∥∥∥2
2,(α,β)
=
∫ ∞
0
Γ(β + (α+ 2))
βα+2Γ(α+ 1)Γ(β)
∣∣∣∣fβ(1− 2yβ ) + P (α,β)k (1− 2yβ )
∣∣∣∣2 1[0,β]yα(1− yβ
)β
dy
=
∫ ∞
0
(S(y, β))2 yα
(
1− y
β
)β
dy ≤
∫ ∞
−∞
(S(y, β))2 yαe−ydy = Γ(α+ 1) ‖S(·, β)‖22,α ,
and by the continuity of the L2-norm
lim
β→∞
Γ(α+ 1) ‖S(·, β)‖22,α = Γ(α+ 1)
∥∥∥∥ limβ→∞S(·, β)
∥∥∥∥2
2,α
.
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Thus,
lim
β→∞
∥∥∥fβ + P (α,β)k ∥∥∥2
2,(α,β)
≤ lim
β→∞
Γ(α+ 1) ‖S(·, β)‖22,α = Γ(α+ 1)
∥∥∥∥ limβ→∞S(·, β)
∥∥∥∥2
2,α
= Γ(α+ 1) ‖S(·, β)‖22,α = ‖f + Lαk‖22,α .
Therefore,
lim
β→∞
∥∥∥fβ + P (α,β)k ∥∥∥2
2,(α,β)
= ‖f + Lαk‖22,α ,
and analogously,
lim
β→∞
∥∥∥fβ − P (α,β)k ∥∥∥2
2,(α,β)
= ‖f − Lαk‖22,α .
Then by the polarization formula,
lim
β→∞
〈fβ, P (α,β)k 〉 = limβ→∞
1
4
[∥∥∥fβ + P (α,β)k ∥∥∥2
2,(α,β)
−
∥∥∥fβ − P (α,β)k ∥∥∥2
2,(α,β)
]
=
1
4
[
‖f + Lαk‖22,α − ‖f − Lαk‖22,α
]
= 〈f, Lαk 〉.
We are ready to prove Theorem 2.1,
Proof
First of all let us observe that by Parseval’s identity, for f ∈ L2 ([−1, 1] , µλ)∥∥∥R(α,β)f∥∥∥2
2,(α,β)
=
∞∑
k=1
| 〈f, P
α,β
k 〉
hˆn
(α,β)
|2 (k + α+ β + 1)
2
4λk
∥∥∥√1− x2P (α+1,β+1)k−1 ∥∥∥2
2,(α,β)
.
Since,∥∥∥√1− x2P (α+1,β+1)k−1 ∥∥∥2
2,(α,β)
=
4(α + 1)(β + 1)
2α+β+3(α+ β + 3)(α + β + 2)B(α+ 2, β + 2)
×
∫ 1
−1
(1− x)α+1(1 + x)β+1
[
P
(α+1,β+1)
k−1 (x)
]2
dx
=
4(α + 1)(β + 1)
(α+ β + 3)(α + β + 2)
∥∥∥P (α+1,β+1)k−1 ∥∥∥2
2,(α+1,β+1)
=
4k
(k + α+ β + 1)
∥∥∥P (α,β)k ∥∥∥2
2,(α,β)
,
we get,∥∥∥Rα,βf∥∥∥2
2,(α,β)
=
∞∑
k=1
| 〈f, P
(α,β)
k 〉
hˆn
(α,β)
|2 (k + α+ β + 1)
2
4k(k + α+ β + 1)
4k
(k + α+ β + 1)
∥∥∥P (α,β)k ∥∥∥22,(α,β)
=
∞∑
k=1
|〈f, P (α,β)k 〉|2
×(2k + α+ β + 1)Γ(α + 1)Γ(β + 1)Γ(k + 1)Γ(k + α+ β + 1)
Γ(α+ β + 2)Γ(k + α+ 1)Γ(k + β + 1)
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i) Now, for the Gegenbauer case, α = β = λ− 1/2, we have∥∥∥Rλf∥∥∥2
2,λ
=
∞∑
k=1
|〈f,Cλk 〉|2
(2k + 2λ) [Γ(λ+ 1/2)]2 Γ(k + 1)Γ(k + 2λ)
Γ(2λ+ 1) [Γ(k + λ+ 1/2)]2
× [Γ(2λ)]
2 [Γ(k + λ+ 1/2)]2
[Γ(λ+ 1/2)]2 [Γ(k + 2λ)]2
=
∞∑
k=1
|〈f,Cλk 〉|2
2(k + λ) [Γ(2λ)]2 Γ(k + 1)
Γ(2λ+ 1)Γ(k + λ+ 1/2)
=
∞∑
k=1
|〈f,Cλk 〉|2
(k + λ)Γ(2λ)Γ(k + 1)
λΓ(k + 2λ)
=
∞∑
k=1
|〈f,Cλk 〉|2
(k + λ)k!
λ(2λ)k
≥
∞∑
k=1
|〈f, λ−k/2Cλk 〉|2
(kλ + 1)k!
2
√
pi(2 + 1/λ)(2 + 2/λ) . . . (2 + (k − 1)/λ) .
Then, we conclude that
∞∑
k=1
|〈f, λ−k/2Cλk 〉|2
(kλ + 1)k!
2
√
pi(2 + 1λ )(2 +
2
λ) . . . (2 +
(k−1)
λ )
≤
∥∥∥Rλf∥∥∥2
2,λ
.
On the other hand, again using Parseval’s identity, we have that
the L2-norm of the Gaussian Riesz transform for f ∈ L2 (R, γ) is
given by
‖Rγf‖22,γ =
∞∑
k=1
|〈f,Hk〉|2
k!2k
√
pi
.
Now, since fλ(x) = f(
√
λx)1[−1,1](x) taking λ → ∞ in (2.12) and
using the asymptotic relation (1.33), we get
‖Rγf‖22,γ =
1√
pi
lim
λ→∞
∞∑
k=1
(kλ + 1)k!
2
√
pi(2 + 1λ)(2 +
2
λ) . . . (2 +
(k−1)
λ )
|〈fλ, λ−k/2Cλk 〉|2
≤ 1√
pi
lim
λ→∞
∥∥∥Rλfλ∥∥∥2
2,λ
.
Therefore, using Theorem 1.1 and Proposition 2.1 i), we get
‖Rγf‖22,γ ≤ lim
λ→∞
∥∥∥Rλfλ∥∥∥2
2,λ
≤ C2 lim
λ→∞
‖fλ‖22,λ = C2 ‖f‖22,γ .
ii) Observe that
‖Rαf‖22,α =
∞∑
k=1
[Γ(α+ 1)k!]2|〈f, Lαk 〉|2
k[Γ(k + α+ 1)]2
‖√xLα+1k−1‖22,α.
But since
‖√xLα+1k−1‖22,α =
∫ ∞
0
[Lα+1k−1 (x)]
2xαe−x
dx
Γ(α+ 1)
=
Γ(α+ 2)
Γ(α+ 1)
Γ(k + α+ 1)
(k − 1)!Γ(α + 2)
=
Γ(k + α+ 1)
(k − 1)!Γ(α + 1) ,
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then
‖Rαf‖22,α =
∞∑
k=1
[Γ(α+ 1)k!]2|〈f, Lαk 〉|2
k[Γ(k + α+ 1)]2
Γ(k + α+ 1)
(k − 1)!Γ(α + 1)
=
∞∑
k=1
Γ(α+ 1)k!|〈f, Lαk 〉|2
Γ(k + α+ 1)
.
Therefore
‖Rαf‖22,α = lim
β→∞
∞∑
k=1
Γ(α+ 1)k!|〈fβ , P (α,β)k 〉|2
Γ(k + α+ 1)
,
where, as before fβ(x) = f
(
β
2 (1− x)
)
1[−1,1](x). Now, for β big
enough
Γ(β + (k + α+ 1))
Γ(β + (k + 1))βα
≃ 1 and Γ(β + 1)
Γ(β + (α+ 2))β−α−1
≃ 1,
then
∞∑
k=1
|〈fβ , P (α,β)k 〉|2
Γ(α+ 1)k!
Γ(k + α+ 1)
=
∞∑
k=1
|〈fβ , P (α,β)k 〉|2
Γ(α+ 1)k!
Γ(k + α+ 1)
Γ(β + (k + α+ 1))
Γ(β + (k + 1))βα
Γ(β + 1)
Γ(β + α+ 2)β−α−1
≤
∞∑
k=1
|〈fβ , P (α,β)k 〉|2
(2k + α+ β + 1)k!Γ(α + 1)Γ(β + 1)Γ(k + β + α+ 1)
Γ(β + α+ 2)Γ(k + α+ 1)Γ(k + β + 1)
,
for β big enough. Thus
(2.12)
∞∑
k=1
|〈fβ , P (α,β)k 〉|2
Γ(α+ 1)k!
Γ(k + α+ 1)
≤
∥∥∥R(α,β)fβ∥∥∥2
2,(α,β)
for β big enough. Now, taking β → ∞ and using the asymptotic
relation (1.34) in (2.12) we get,
‖Rαf‖22,α = lim
β→∞
∞∑
k=1
Γ(α+ 1)k!|〈fβ , P (α,β)k 〉|2
Γ(k + α+ 1)
≤ lim
β→∞
∥∥∥R(α,β)fβ∥∥∥2
2,(α,β)
.
Therefore, using Theorem 1.1 and Proposition 2.1 ii), we get
‖Rαf‖22,α ≤ lim
β→∞
∥∥∥R(α,β)fβ∥∥∥2
2,(α,β)
≤ C2 lim
λ→∞
‖fβ‖22,(α,β) = C2 ‖f‖22,α .
Now we are going to consider the general case p 6= 2. For the proof we will
follow the argument given by Betancour et al in [3].
Theorem 2.2. Let α, β > −1 and 1 < p < ∞, then the Lp(µα,β) bounded-
ness for the Jacobi-Riesz transform
(2.13) ‖Rα,βf‖p,(α,β) ≤ Cp‖f‖p,(α,β)
implies
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i) the Lp(γ)-boundedness for the Gaussian-Riesz transform
(2.14) ‖Rγf‖p,γ ≤ Cp‖f‖p,γ .
and
ii) the Lp(µα)-boundedness for the Laguerre-Riesz transform
(2.15) ‖Rαf‖p,α ≤ Cp‖f‖p,α.
Proof
i) Assume that the operator Rλ is bounded in Lp ([−1, 1]µλ). Let φ ∈
C∞0 (R), for each λ > 0 define the function
φλ(x) = φ(
√
λx),
x ∈ R. For λ big enough sop φλ is contained in [−1, 1]. In what follows λ
will be taken satisfying that condition.
Now, from the boundedness of Rλ we have
‖Rλφλ‖Lp([−1,1]µλ) ≤ C‖φλ‖Lp([−1,1]µλ),
in other words,∥∥∥∥∥
∞∑
n=1
φ̂λ(n)r
(λ)
n
√
1− x2Cλ+1n−1
∥∥∥∥∥
Lp([−1,1]µλ)
≤ C‖φλ‖Lp([−1,1]µλ),
where r
(λ)
n = d
(λ)
n ν
−1/2
n
(n+2λ)
2 , νn = n(n+2λ) and d
(λ)
n =
4Γ(2λ)(n+λ)Γ(n+1)
Γ(n+2λ+1) .
Making the change of variable x = y√
λ
and taking Z(λ) = λ
1/2[Γ(λ)]222λ
2piΓ(2λ) we
get{∫ √λ
−
√
λ
∣∣∣∣∣
∞∑
n=1
φ̂λ(n)r
(λ)
n
√
1− y
2
λ
Cλ+1n−1(
y√
λ
)
∣∣∣∣∣
p
Z(λ)(1− y
2
λ
)λ−1/2dy
}1/p
≤ C‖φλ‖Lp([−1,1]µλ),
and therefore,{∫ √λ
−
√
λ
∣∣∣∣∣
∞∑
n=1
φ̂λ(n)r
(λ)
n
(
1− y
2
λ
)λ/p−1/2p+1/2
e
y2
p Cλ+1n−1(
y√
λ
)
∣∣∣∣∣
p
e−y
2
√
pi
dy
}1/p
≤ C(Z(λ))−1/p‖φλ‖Lp([−1,1]µλ).
On the other hand, we also have
∫ √λ
−
√
λ
∣∣∣∣∣
∞∑
n=1
φ̂λ(n)r
(λ)
n
(
1− y
2
λ
)λ/2−1/4+1/2
e
y2
2 Cλ+1n−1(
y√
λ
)
∣∣∣∣∣
2
e−y
2
√
pi
dy

1/2
≤ C(Z(λ))−1/2‖φλ‖L2([−1,1]µλ).
Define, for every k ∈ N and every λ > 0 such that √λ > k
Fλ,k(y) =

∞∑
n=1
φ̂λ(n)r
(λ)
n C
λ+1
n−1(
y√
λ
)
(
1− y2λ
)λ/2−1/4+1/2
e
y2
2 if |y| ≤ k
0 if |y| > k,
TRANSFERENCE RESULT JACOBI RIESZ TRANSFORM 17
and
fλ,k(y) =

∞∑
n=1
φ̂λ(n)r
(λ)
n C
λ+1
n−1(
y√
λ
)
(
1− y2λ
)λ/p−1/2p+1/2
e
y2
p if |y| ≤ k
0 if |y| > k.
From the previous inequalities both series converges for all y ∈ [−
√
λ,
√
λ],
and Fλ,k = fλ,kΩλ, where
Ωλ(y) = e
y2
2
− y
2
p
(
1− y
2
λ
)λ/2−λ/p−1/4+1/2p
for all k ∈ N and
√
λ > k. Moreover
|Ωλ(y)| = e
y2
2
− y
2
p
(
1− y
2
λ
)λ/2−λ/p−1/4+1/2p
≤ e y
2
2
− y
2
p e−
y2
λ
(λ/2−λ/p−1/4+1/2p) = ey
2( 1
4λ
− 1
2pλ
)
.
Therefore, if p ≤ 2 we have, |Ωλ(y)| ≤ 1 and for p > 2, |Ωλ(y)| ≤ ek
2( 1
4λ
− 1
2pλ
).
Thus Ωλ is bounded in [−k, k].
Now
(Z(λ))−1/p‖φλ‖Lp([−1,1]µλ) = (Z(λ))−1/p
{∫ 1
−1
|φλ(x)|pλ [Γ(λ)]
2 22λ
2piΓ (2λ) dx
(
1− x2)λ−1/2}1/p
and therefore, by the change of variable x = y√
λ
, we get
(Z(λ))−1/p‖φλ‖Lp([−1,1]µλ) = (Z(λ))−1/p
{∫ √λ
−
√
λ
|φλ( y√
λ
)|pZ(λ)
(
1− y
2
λ
)λ−1/2
dy
}1/p
=
{∫ √λ
−
√
λ
|φ(y)|p
(
1− y
2
λ
)λ−1/2
dy
}1/p
≤ C
{∫ √λ
−
√
λ
|φ(y)|p e
−y2
√
pi
dy
}1/p
≤ C‖φ‖Lp(R,γ),(2.16)
and then,
lim
λ→∞
(Z(λ))−1/p‖φλ‖Lp([−1,1]µλ) ≤ limλ→∞C
{∫ √λ
−
√
λ
|φ(y)|p e
−y2
√
pi
dy
}1/p
= C
{∫ ∞
−∞
|φ(y)|p e
−y2
√
pi
dy
}1/p
= C‖φ‖Lp(R,γ).
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On the other hand,
‖Fλ,k‖L2(R,γ) =
{∫ k
−k
|Fλ,k|2 e
−y2
√
pi
dy
}1/2
≤
{∫ √λ
−
√
λ
|Fλ,k|2 e
−y2
√
pi
dy
}1/2
≤ C(Z(λ))−1/2‖φλ‖L2([−1,1]µλ).(2.17)
Thus, from (2.16) and (2.17), we have
‖Fλ,k‖L2(R,γ) ≤ C‖φ‖L2(R,γ).
Similarly, as
‖Fλ,k‖Lp(R,γ) =
{∫
R
|Fλ,k|p e
−y2
√
pi
dy
}1/p
=
{∫ k
−k
|fλ,kΩλ(y)|p e
−y2
√
pi
dy
}1/p
,
and using the boundedness of Ωλ in [−k, k], we get
‖Fλ,k‖Lp(R,γ) ≤ C
{∫ k
−k
|fλ,k|p e
−y2
√
pi
dy
}1/p
≤ C
{∫ ∞
−∞
|fλ,k|p e
−y2
√
pi
dy
}1/p
≤ C(Z(λ))−1/p‖φλ‖Lp([−1,1]µλ).(2.18)
Then, using (2.16) and (2.18) we get
‖Fλ,k‖Lp(R,γ) ≤ C‖φ‖Lp(R,γ)
for all
√
λ > k. Therefore {Fλ,k} is a bounded sequence in L2 (R, γ)
and Lp (R, γ) , thus by the Bourbaki-Alaoglu’s theorem, there exists an
increasing sequence {λj}j∈N, such that limj→∞ λj =∞, and functions Fk ∈
L2 (R, γ) and fk ∈ Lp (R, γ) satisfying that
• Fλ,k → Fk, as j →∞, in the weak topology on L2 (R, γ)
• Fλ,k → fk, as j →∞, in the weak topology on Lp (R, γ)
Moreover, sopFk ∪ sopfk ⊆ [−k, k], and
‖Fk‖L2(R,γ) ≤ lim
j→∞
‖Fλj ,k‖L2(R,γ) ≤ C‖φ‖L2(R,γ),(2.19)
and
‖fk‖Lp(R,γ) ≤ C‖φ‖Lp(R,γ).(2.20)
Observe that, by Cauchy-Schwartz, defining for k ∈ N,
τk(g) =
∫ ∞
−∞
g(x)χ[−k,k](x)dx,
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τk ∈
(
L2 (R, γ)
)∗
, and therefore,∫ k
−k
Fk(x)dx =
∫ ∞
−∞
Fk(x)χ[−k,k](x)dx = τk(Fk)
= lim
j→∞
τk(Fλj ,k) = lim
j→∞
∫ ∞
−∞
Fλj ,k(x)χ[−k,k](x)dx
=
∫ ∞
−∞
fk(x)χ[−k,k](x)dx =
∫ k
−k
fk(x)dx;
i.e., Fk = fk a.e (−k, k), for all k so Fk = fk a.e R. Then from (2.20),
we get
‖Fk‖Lp(R,γ) ≤ C‖φ‖Lp(R,γ),(2.21)
and therefore, from (2.19) and (2.21), there exists an increasing sequence
{λj}j∈N ⊂ (0,∞), with limj→∞ λj = ∞,, and a function F ∈ Lp (R, γ) ∩
L2 (R, γ) , such that
• For each k ∈ N, Fλj ,k → F, as j → ∞, in the weak topology of
L2 (R, γ) and in the weak topology of Lp (R, γ), and
• ‖F‖Lp(R,γ) ≤ C‖φ‖Lp(R,γ).
For each N ∈ N, k ∈ N and λ such that √λ > k, let us define
FNλ,k(y) = χ[−k,k](y)
N∑
n=1
φ̂λ(n)r
(λ)
n C
λ+1
n−1(
y√
λ
)
(
1− y
2
λ
)λ/2−1/4+1/2
e
y2
2
and
HNλ,k(y) = χ[−k,k](y)
∞∑
n=N+1
φ̂λ(n)r
(λ)
n C
λ+1
n−1(
y√
λ
)
(
1− y
2
λ
)λ/2−1/4+1/2
e
y2
2 .
Then, Fλ,k = F
N
λ,k +H
N
λ,k.
Now, we want to prove that for k ∈ N and λ > 0 such that √λ > k ,
(2.22)
∫ ∞
−∞
∣∣HNλ,k(y)∣∣2 e−y2√pi dy ≤ CN ,
uniformly in λ. Take k ∈ N and λ > 0; making the change of variable x = y2λ
and using Parseval’s identity,∫ k
−k
∣∣HNλ,k(y)∣∣2 e−y2√pi dy
≤
∫ √λ
−
√
λ
∣∣∣∣∣
∞∑
n=N+1
φ̂λ(n)r
(λ)
n C
λ+1
n−1(
y√
λ
)
(
1− y
2
λ
)λ/2−1/4+1/2
e
y2
2
∣∣∣∣∣
2
e−y
2
√
pi
dy
=
√
λ√
pi
∫ 1
−1
∣∣∣∣∣
∞∑
n=N+1
φ̂λ(n)r
(λ)
n C
λ+1
n−1(x)
∣∣∣∣∣
2 (
1− x2)λ+1/2 dx
=
√
λ√
pi
2piΓ(2λ+ 2)
(λ+ 1) [Γ(λ+ 1)]2 22λ+2
∞∑
n=N+1
∣∣∣φ̂λ(n)∣∣∣2 ∣∣∣r(λ)n ∣∣∣2 ∥∥∥Cλ+1n−1∥∥∥2
2,(λ+1)
.
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Using (1.16) we have
− 2λ
n(n+ 2λ)
d
dx
{
(1− x2)λ+1/2Cλ+1n−1 (x)
}
= Cλn (x) (1− x2)λ−1/2.
Now, integrating by parts, we have
φ̂λ(n) =
λ [Γ(λ)]2 22λ
2piΓ(2λ)
{ √
λ2λ
n(n+ 2λ)
∫ 1
−1
φ′(
√
λx)Cλ+1n−1(x)(1− x2)λ+1/2dx
}
=
(2λ+ 1)
(λ+ 1)
λ3/2
n(n+ 2λ)
×
{
(λ+ 1) [Γ(λ+ 1)]2 22λ+2
2piΓ(2λ + 2)
∫ 1
−1
φ′(
√
λx)Cλ+1n−1(x)(1− x2)λ+1/2dx
}
=
(2λ+ 1)
(λ+ 1)
λ3/2
n(n+ 2λ)
〈
φ′(
√
λ·), Cλ+1n−1
〉
(λ+1)
.
Then,∫ k
−k
∣∣HNλ,k(y)∣∣2 e−y2√pi dy
≤
√
λ√
pi
2piΓ(2λ+ 2)
(λ+ 1) [Γ(λ+ 1)]2 22λ+2
×
∞∑
n=N+1
(2λ+ 1)2
(λ+ 1)2
λ3
n2(n+ 2λ)2
∣∣∣∣〈φ′(√λ·), Cλ+1n−1〉(λ+1)
∣∣∣∣2 ∣∣∣r(λ)n ∣∣∣2 ∥∥∥Cλ+1n−1∥∥∥22,(λ+1)
≤
√
λ√
pi
2piΓ(2λ+ 2)
(λ+ 1) [Γ(λ+ 1)]2 22λ+2
×
∞∑
n=N+1
(2λ+ 1)2
(λ+ 1)2
λ3
n2(n+ 2λ)2
∣∣∣∣∣∣∣
〈
φ′(
√
λ·), Cλ+1n−1
〉
(λ+1)∥∥∥Cλ+1n−1∥∥∥
2,(λ+1)
∣∣∣∣∣∣∣
2 ∣∣∣r(λ)n ∣∣∣2 ∥∥∥Cλ+1n−1∥∥∥4
2,(λ+1)
.
Now, using (1.15) and that r
(λ)
n =
2Γ(2λ)(n+λ)Γ(n+1)
Γ(n+2λ+1)
(
(n+2λ)
n
)1/2
, we get
∣∣∣r(λ)n ∣∣∣2 ∥∥∥Cλ+1n−1∥∥∥4
2,(λ+1)
=
4 [Γ(2λ)]2 (n+ λ)2(n!)2
[Γ(n+ 2λ+ 1)]2
(n+ 2λ)
n
× (λ+ 1)
2 [Γ(n+ 2λ+ 1)]2 n2
(2λ+ 1)2 [Γ(2λ+ 1)]2 (n + λ)2(n!)2
=
4 [Γ(2λ)]2 (n+ 2λ)(λ + 1)2n
(2λ+ 1)2 [Γ(2λ+ 1)]2
=
(λ+ 1)2(n+ 2λ)n
(2λ+ 1)2λ2
.
TRANSFERENCE RESULT JACOBI RIESZ TRANSFORM 21
Therefore,∫ k
−k
∣∣HNλ,k(y)∣∣2 e−y2√pi dy
≤
√
λ√
pi
2piΓ(2λ+ 2)
(λ+ 1) [Γ(λ+ 1)]2 22λ+2
∞∑
n=N+1
λ
n(n+ 2λ)
∣∣∣∣∣∣∣
〈
φ′(
√
λ·), Cλ+1n−1
〉
(λ+1)∥∥∥Cλ+1n−1∥∥∥
2,(λ+1)
∣∣∣∣∣∣∣
2
≤
√
λ√
pi
2piΓ(2λ+ 2)
(λ+ 1) [Γ(λ+ 1)]2 22λ+2
1
N
∞∑
n=1
∣∣∣∣∣∣∣
〈
φ′(
√
λ·), Cλ+1n−1
〉
(λ+1)∥∥∥Cλ+1n−1∥∥∥
2,(λ+1)
∣∣∣∣∣∣∣
2
,
but,
∞∑
n=1
∣∣∣∣∣∣∣
〈
φ′(
√
λ·), Cλ+1n−1
〉
(λ+1)∥∥∥Cλ+1n−1∥∥∥
2,(λ+1)
∣∣∣∣∣∣∣
2
=
(λ+ 1) [Γ(λ+ 1)]2 22λ+2
2piΓ(2λ+ 2)
∫ 1
−1
∣∣∣φ′(√λx)∣∣∣2 (1− x2)λ+1/2dx
=
(λ+ 1) [Γ(λ+ 1)]2 22λ+2λ−1/2
2piΓ(2λ+ 2)
∫ √λ
−
√
λ
∣∣φ′(y)∣∣2 (1− y2√
λ
)λ+1/2dy
≤ C
√
pi(λ+ 1) [Γ(λ+ 1)]2 22λ+2λ−1/2
2piΓ(2λ+ 2)
∫ ∞
−∞
∣∣φ′(y)∣∣2 e−y2√
pi
dy
Then, ∫ k
−k
∣∣HNλ,k(y)∣∣2 e−y2√pi dy ≤ CN ∥∥φ′∥∥2L2(R,γ)
i.e., ∫ ∞
−∞
∣∣HNλ,k(y)∣∣2 e−y2√pi dy =
∫ k
−k
∣∣HNλ,k(y)∣∣2 e−y2√pi dy ≤ CN .
Thus {HNλ,k}j∈N is a bounded sequence on L2 (R, γ) , so by Bourbaki-
Alaoglu’s theorem, there exists a sequence (λj)j∈N, limj→∞ λj = ∞ such
that, for all N ∈ N, {HNλj ,k}j∈N converges weakly in L2 (R, γ) to a function
HNk ∈ L2 (R, γ) . Moreover,
(2.23)
∫ ∞
−∞
∣∣HNk (y)∣∣2 e−y2√pi dy ≤ CN .
Then, there exists a non decreasing sequence (Nj)j∈N such that,
(2.24) H
Nj
k (y) −→ 0, a.e. y ∈ R.
Defining, for each m ∈ N, FNmk = F−HNmk ; then since Fλ,k → Fk, as j →∞
in the weak topology of L2 (R, γ) and that FNλ,k = Fλ,k −HNλ,k, we have, for
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all m ∈ N,
(2.25) FNmλj ,k −→ F
Nm
k , weakly in L
2 (R, γ) as j →∞.
Also, from (2.24) we get that
(2.26) FNmk (y) −→ F (y), as m→∞, a.e. y ∈ R.
To finish the proof of i) we need to prove that F is the Hermite-Riesz trans-
form of φ, i.e.
(2.27) F (y) =
∞∑
n=1
φ̂γ(n)
1
2nn!
√
2nHn−1(y),
where
φ̂γ(n) =
1√
pi
∫ ∞
−∞
φ(y)Hn(y)e
−y2dy,
is the n-th Fourier-Hermite coefficient of φ. Observe that,
FNλ,k(y) =
N∑
n=1
φ̂λ(n)
2Γ(2λ)(n + λ)n!(n+ 2λ)1/2
Γ(n+ 2λ+ 1)n1/2
Cλ+1n−1(
y√
λ
)
(
1− y
2
λ
)λ/2+1/4
e
y2
2
=
N∑
n=1
λ−n/2φ̂λ(n)
(nλ + 1)n!
n1/2(nλ + 2)
1/22(2 + 1λ)(2 +
2
λ ) . . . (2 +
n−1
λ )
×2λ− (n−1)2 Cλ+1n−1(
y√
λ
)
(
1− y
2
λ
)λ/2+1/4
e
y2
2 .(2.28)
From the asymptotic relation between Jacobi and Hermite polynomials (1.33),
it is easy to see that
lim
λ→∞
λ−
(n−1)
2 Cλ+1n−1
(
y√
λ
)
= lim
λ→∞
(λ+ 1)−
(n−1)
2
(
1 +
1
λ
) (n−1)
2
Cλ+1n−1
(
y√
λ+ 1
√
1 +
1
λ
)
=
Hn−1(y)
(n− 1)! ,
uniformly in [−k, k]. On the other hand, observe
lim
λ→∞
λ−n/2φ̂λ(n) =
1√
pin!
∫ ∞
−∞
φ(y)Hn(y)e
−y2dy =
1
n!
φ̂γ(n).
Then taking limit as λ→∞ in (2.28) we get
lim
λ→∞
FNλ,k(y) =
N∑
n=1
1
n!
φ̂γ(n)
n!
n1/221/22n
2
Hn−1(y)
(n − 1)!
=
N∑
n=1
φ̂γ(n)
1
2nn!
√
2nHn−1(y).
Hence,
(2.29) FNmk (y) =
Nm∑
n=1
φ̂γ(n)
1
2nn!
√
2nHn−1(y),
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and from (2.26) we finally get (2.27),
F (y) =
∞∑
n=1
φ̂γ(n)
1
2nn!
√
2nHn−1(y).
ii) The proof of ii) is essentially analogous to i), so we will give less details
in this case. Assume that the operator Rα,β is bounded in Lp ([−1, 1]µα,β).
Let φ ∈ C∞0 ((0,∞)) and β > 0, then we have
‖Rα,βφβ‖Lp([−1,1]µ(α,β)) ≤ C‖φβ‖Lp([−1,1]µ(α,β)),
where φβ(x) = φ
(
β
2 (1− x)
)
, for x ∈ (0,∞), i.e.{
ηα,β
∫ 1
−1
∣∣∣∣∣
∞∑
n=1
φ̂β(n)
hˆn
(α,β)
(n+ α+ β + 1)1/2
2n1/2
√
1− x2P (α+1,β+1)n−1 (x)
∣∣∣∣∣
p
(1− x)α(1 + x)βdx
}1/p
≤ C‖φβ‖Lp([−1,1]µ(α,β)).
Now, making the change of variable x = 1− 2β y{
ηα,β
2α+β+1
βα+1
∫ β
0
∣∣∣∣∣
∞∑
n=1
φ̂β(n)
hˆn
(α,β)
(n+ α+ β + 1)1/2
n1/2
P
(α+1,β+1)
n−1
(
1− 2
β
y
)(
y
β
)1/2
×
(
1− y
β
)1/2+β/p
e
y
p
∣∣∣∣∣
p
yαe−ydx
}1/p
≤ C‖φβ‖Lp([−1,1]µ(α,β)),
and therefore{∫ β
0
∣∣∣∣∣
∞∑
n=1
φ̂β(n)
hˆn
(α,β)
(n+ α+ β + 1)1/2
n1/2
P
(α+1,β+1)
n−1
(
1− 2
β
y
)(
y
β
)1/2
×
(
1− y
β
)1/2+β/p
e
y
p
∣∣∣∣∣
p
yαe−ydx
}1/p
≤ C(Zα,β)−1/p‖φβ‖Lp([−1,1]µ(α,β))
where Zα,β =
Γ(α+β+2)
Γ(α+1)βα+2Γ(β)
. Analogously we get,{∫ β
0
∣∣∣∣∣
∞∑
n=1
φ̂β(n)
hˆn
(α,β)
(n+ α+ β + 1)1/2
n1/2
P
(α+1,β+1)
n−1
(
1− 2
β
y
)(
y
β
)1/2
×
(
1− y
β
)1/2+β/2
e
y
2
∣∣∣∣∣
2
yαe−ydx

1/2
≤ C(Zα,β)−1/2‖φβ‖L2([−1,1]µ(α,β)).
Now, for each k ∈ N and β > 0, such that β > k, define the functions
Fβ,k(y) = −χ(0,k)(y)
∞∑
n=1
φ̂β(n)
hˆn
(α,β)
(n+ α+ β + 1)1/2
n1/2
P
(α+1,β+1)
n−1
(
1− 2
β
y
)
×
(
y
β
)1/2(
1− y
β
)1/2+β/2
e
y
2 ,
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and
fβ,k(y) = −χ(0,k)(y)
∞∑
n=1
φ̂β(n)
hˆn
(α,β)
(n+ α+ β + 1)1/2
n1/2
P
(α+1,β+1)
n−1
(
1− 2
β
y
)
×
(
y
β
)1/2 (
1− y
β
)1/2+β/p
e
y
p .
From the previous inequalities both series converge for all y ∈ (0, β), and
Fβ,k = fβ,kΩβ, where
Ωβ(y) = e
y
2
− y
p
(
1− y
β
)β/2−β/p
for all k ∈ N and β > 0. Now as,
|Ωβ(y)| = e
y
2
− y
p
(
1− y
β
)β/2−β/p
≤ e y2− yp (e−y/β)β/2−β/p = 1
we conclude that Ωβ is bounded in (0, k). On the other hand,
(Zα,β)
−1/p‖φβ‖Lp([−1,1]µ(α,β)) = (Zα,β)
−1/p
{
ηα,β
∫ 1
−1
∣∣∣φ̂β(x)∣∣∣p (1− x)α(1 + x)βdx}1/p ,
and making the change of variable x = 1− 2β y we get
(Zα,β)
−1/p
{
ηα,β
∫ 1
−1
|φβ(x)|p (1− x)α(1 + x)βdx
}1/p
= (Zα,β)
−1/p
{
ηα,β
2
β
∫ β
0
∣∣∣∣φβ(1− 2β y)
∣∣∣∣p(2yβ
)α(
2− 2y
β
)β
dy
}1/p
=
{∫ β
0
|φ(y)|p yα
(
1− y
β
)β
dy
}1/p
≤
{∫ ∞
0
|φ(y)|p yαe−ydy
}1/p
= ‖φ‖Lp((0,∞),µα).
Then,
lim
β→∞
C(Zα,β)
−1/p‖φβ‖Lp([−1,1]µ(α,β)) ≤ limβ→∞C
{∫ ∞
0
|φ(y)|p yαe−ydy
}1/p
= C‖φ‖Lp((0,∞),µα).
Moreover,
(Zα,β)
−1/p‖φβ‖Lp([−1,1],µ(α,β)) ≤ C‖φ‖Lp((0,∞),µα).(2.30)
Now,
‖Fβ,k‖L2((0,∞),µα) =
{
1
Γ(α+ 1)
∫ k
0
|Fβ,k|2yαe−ydy
}1/2
≤ C(Zα,β)−1/2‖φβ‖L2([−1,1]µ(α,β))
and therefore, from (2.30) for p = 2 and (2.31), we get
‖Fβ,k‖L2((0,∞),µα) ≤ C‖φ‖L2((0,∞),µα).
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Analogously, using that Ωβ is bounded in (0, k),
‖Fβ,k‖Lp((0,∞),µα) =
{
1
Γ(α+ 1)
∫ k
0
|fβ,kΩβ(y)|pyαe−ydy
}1/p
≤ C
{
1
Γ(α+ 1)
∫ k
0
|fβ,k|pyαe−ydy
}1/p
≤ C(Zα,β)−1/p‖φβ‖Lp([−1,1]µ(α,β)).(2.31)
Then, from (2.30) and (2.31),
‖Fβ,k‖Lp((0,∞),µα) ≤ C‖φ‖Lp((0,∞),µα),
for all β > k. Therefore {Fβ,k} is a bounded subsequence in L2 ((0,∞), µα)
with Lp ((0,∞), µα). Thus by the Bourbaki-Alaoglu’s theorem, there exists
an increasing sequence {βj}j∈N with limj→∞ βj = ∞ and functions Fk ∈
L2 ((0,∞), µα) and fk ∈ Lp ((0,∞), µα) satisfying that
• Fβ,k → Fk, as j →∞, in the weak topology of L2 ((0,∞), µα)
• Fβ,k → fk, as j →∞, in the weak topology of Lp ((0,∞), µα).
Then, as in i), we can conclude that there exists an increasing sequence
(βj)j∈N ⊂ (0,∞) such that limj→∞ βj =∞, and a function F ∈ Lp ((0,∞), µα)∩
L2 ((0,∞), µα) , such that
• for each k ∈ N, Fβj ,k → F, as j → ∞, in the weak topology on
L2 ((0,∞), µα) and in the weak topology on Lp ((0,∞), µα).
• ‖F‖Lp((0,∞),µα) ≤ C‖φ‖Lp((0,∞),µα).
For each N ∈ N, k ∈ N and β such that β > k, let us define
FNβ,k(y) = −χ(0,k)(y)
N∑
n=1
φ̂β(n)
hˆn
(α,β)
(n+ α+ β + 1)1/2
n1/2
P
(α+1,β+1)
n−1
(
1− 2
β
y
)
×
(
y
β
)1/2 (
1− y
β
)1/2+β/2
e
y
2
and
HNβ,k(y) = −χ(0,k)(y)
∞∑
n=N+1
φ̂β(n)
hˆn
(α,β)
(n+ α+ β + 1)1/2
n1/2
P
(α+1,β+1)
n−1
(
1− 2
β
y
)
×
(
y
β
)1/2 (
1− y
β
)1/2+β/2
e
y
2 .
Then, Fβ,k = F
N
β,k +H
N
β,k.
Again, we want to prove that for k ∈ N and λ > 0 such that √λ > k ,
(2.32)
∫ ∞
0
∣∣HNβ,k(y)∣∣2 yαe−ydy ≤ CN .
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uniformly in β. Take k ∈ N, and β such that β > k, then using Parseval’s
identity, the change of variable x = 1− 2β y and (1.4),
1
Γ(α+ 1)
∫ ∞
0
|HNβ,k(y)|2yαe−ydy
=
βα
Γ(α+ 1)
∫ β
0
∣∣∣∣∣
∞∑
n=N+1
φ̂β(n)
hˆn
(α,β)
(n+ α+ β + 1)1/2
n1/2
P
(α+1,β+1)
n−1
(
1− 2
β
y
)∣∣∣∣∣
2
×
(
y
β
)α+1(
1− y
β
)β+1
dy
=
βα+1
2α+β+3Γ(α+ 1)
∫ 1
−1
∣∣∣∣∣
∞∑
n=N+1
φ̂β(n)
hˆn
(α,β)
(n+ α+ β + 1)1/2
n1/2
P
(α+1,β+1)
n−1 (x)
∣∣∣∣∣
2
× (1− x)α+1 (1 + x)β+1 dx
=
βα+1B(α+ 2, β + 2)
Γ(α+ 1)
∞∑
n=N+1
∣∣∣∣∣ φ̂β(n)hˆn(α,β)
∣∣∣∣∣
2
(n+ α+ β + 1)
n
∥∥∥P (α+1,β+1)n−1 ∥∥∥2
µ(α+1,β+1)
=
βα+1B(α+ 2, β + 2)
Γ(α+ 1)
∞∑
n=N+1
∣∣∣∣∣ φ̂β(n)hˆn(α,β)
∣∣∣∣∣
2
(n+ α+ β + 1)
n
× (α+ β + 3)(α + β + 2)n
(α+ 1)(β + 1) (n+ α+ β + 1)
∥∥∥P (α,β)n ∥∥∥2
µ(α,β)
=
βα+1B(α+ 2, β + 2)
Γ(α+ 1)
∞∑
n=N+1
∣∣∣φ̂β(n)∣∣∣2
hˆn
(α,β)
(α+ β + 3)(α + β + 2)
(α+ 1)(β + 1)
.
Now, integrating by parts and using (1.5)
φ̂β(n) = − β
2α+β+3B(α+ 1, β + 1)n
∫ 1
−1
φ′
(
β
2
(1− x)
)
P
(α+1,β+1)
n−1 (x)
×(1− x)α+1(1 + x)β+1dx
= − β(α+ 1)(β + 1)
2α+β+3(α+ β + 3)(α + β + 2)B(α+ 2, β + 2)n
∫ 1
−1
φ′
(
β
2
(1− x)
)
×P (α+1,β+1)n−1 (x) (1− x)α+1(1 + x)β+1dx
= − β(α + 1)(β + 1)
n(α+ β + 3)(α + β + 2)
〈
φ′
(
β
2
(1− ·)
)
, P
(α+1,β+1)
n−1
〉
(α+1,β+1)
.
Then,
1
Γ(α+ 1)
∫ k
0
|HNβ,k(y)|2yαe−ydy
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=
βα+3B(α+ 2, β + 2)
Γ(α+ 1)
×
∞∑
n=N+1
∣∣∣∣〈φ′ (β2 (1− ·)) , P (α+1,β+1)n−1 〉(α+1,β+1)
∣∣∣∣2∥∥∥P (α+1,β+1)n−1 ∥∥∥2
µ(α+1,β+1)
1
n(n+ α+ β + 1)
≤ β
α+2B(α+ 2, β + 2)
Γ(α+ 1)N
∞∑
n=N+1
∣∣∣∣〈φ′ (β2 (1− ·)) , P (α+1,β+1)n−1 〉(α+1,β+1)
∣∣∣∣2∥∥∥P (α+1,β+1)n−1 ∥∥∥2
µ(α+1,β+1)
.
But, making the change of variable y = β2 (1− x), i.e. x = 1− 2yβ ,
∞∑
n=N+1
∣∣∣∣〈φ′ (β2 (1− ·)) , P (α+1,β+1)n−1 〉(α+1,β+1)
∣∣∣∣2∥∥∥P (α+1,β+1)n−1 ∥∥∥2
µ(α+1,β+1)
=
1
B(α+ 2, β + 2)
β
βα+2
∫ β
0
∣∣φ′(y)∣∣2 yα+1(1− y
β
)β+1
dy
≤ 1
B(α+ 2, β + 2)
1
βα+2
∫ ∞
0
∣∣φ′(y)∣∣2 yα+1e−ydy = Γ(α+ 1)
B(α+ 2, β + 2)βα+2
∥∥φ′∥∥2
µ(α+1)
.
Then,
1
Γ(α+ 1)
∫ k
0
|HNβ,k(y)|2yαe−ydy ≤
βα+2B(α+ 2, β + 2)
Γ(α+ 1)N
Γ(α+ 1)
B(α+ 2, β + 2)βα+2
∥∥φ′∥∥2
µ(α+1)
=
1
N
∥∥φ′∥∥2
µ(α+1)
,
hence,
1
Γ(α+ 1)
∫ ∞
0
|HNβ,k(y)|2yαe−ydy ≤
C
N
∥∥φ′∥∥2
µ(α+1)
.
Therefore, again by Bourbaki-Alaoglu’s theorem, there exists a sequence
{βj}j∈N with limj→∞ βj =∞ such that, for all N ∈ N, {HNβj ,k}j∈N converges
weakly in L2 ((0,∞), µα) to a function HNk ∈ L2 ((0,∞), µα) . Moreover,
(2.33)
∫ ∞
−∞
∣∣HNk (y)∣∣2 yα e−yΓ(α+ 1)dy ≤ CN .
Then, there exists a non decreasing sequence {Nj}j∈N such that
(2.34) H
Nj
k (y) −→ 0, a.e. y ∈ R.
Now, defining, for each m ∈ N, FNmk = F −HNmk , then since Fβ,k → Fk, as
j →∞, in the weak topology of L2 ((0,∞), µα) and thatFNβ,k = Fβ,k−HNβ,k,
we have that for all m ∈ N,
(2.35) FNmβj ,k −→ F
Nm
k , weakly in L
2 ((0,∞), µα) as j →∞.
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Additionally, from (2.34) we have
(2.36) FNmk (y) −→ F (y), as m→∞, a.e. y ∈ R.
To finish the proof of ii) we need to prove that F is the Laguerre-Riesz
transform of φ, i.e.
(2.37) F (y) = −
∞∑
n=1
n!Γ(α+ 1)
(n+ α+ 1)
φ̂α(n)
y1/2
n1/2
Lα+1n−1(y).
From the asymptotic relation between Jacobi and Laguerre polynomials
(1.34), it is easy to see that
lim
β→∞
P
(α+1,β+1)
n−1
(
1− 2y
β
)
= lim
β→∞
P
(α+1,β+1)
n−1
(
1− 2y
β + 1
(β + 1)
β
)
= Lα+1n−1(y).
On the other hand,
lim
β→∞
φ̂β(n) =
1
Γ(α+ 1)
∫ ∞
0
φ(y)Lαn(y)y
αe−ydy = φ̂α(n),
and
lim
β→∞
1
hˆn
(α,β)
= lim
β→∞
(
2n
β
+
α
β
+ 1 +
1
β
)n!
Γ(α+ 1)
(n+ α+ 1)
βα+1Γ(β + 1)
Γ(α+ β + 2)
Γ (β + n+ α+ 1)
βαΓ (n+ β + 1)
=
n!Γ(α+ 1)
(n+ α+ 1)
.
Then, for y ∈ (0, k)
lim
β→∞
FNβ,k(y) = − lim
β→∞
N∑
n=1
φ̂β(n)
hˆn
(α,β)
(n + α+ β + 1)1/2
n1/2
P
(α+1,β+1)
n−1
(
1− 2
β
y
)
×
(
y
β
)1/2(
1− y
β
)1/2+β/2
e
y
2
= − lim
β→∞
N∑
n=1
φ̂β(n)
hˆn
(α,β)
(nβ +
α
β + 1 +
1
β )
1/2
n1/2
P
(α+1,β+1)
n−1
(
1− 2
β
y
)
×y1/2
(
1− y
β
)1/2+β/2
e
y
2
= −
N∑
n=1
n!Γ(α+ 1)
(n+ α+ 1)
φ̂α(n)
y1/2
n1/2
Lα+1n−1(y).
Thus,
(2.38) FNmk = −
Nm∑
n=1
n!Γ(α+ 1)
(n+ α+ 1)
φ̂α(n)
y1/2
n1/2
Lα+1n−1(y),
and therefore we get (2.37),
F (y) = −
∞∑
n=1
n!Γ(α+ 1)
(n+ α+ 1)
φ̂α(n)
y1/2
n1/2
Lα+1n−1(y).
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